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We examine a game problem [1, 2] of the "hard" contact of two points (players)
in a linear position field of attraction to a fixed center, We assume that the first
(the minimizing) player realizes a control (thrust, force) which is bounded in to-
tal momentum, while the second (the maximizing) player has available a con-
trolled thrust which is bounded in absolute value, The game's value is the time
up to"hard" contact, i,e, the geomerric coincidence of the points for an arbitrary
relative velocity, This paper abuts [3] in subject matter and is very closely re-
lated to [4]. In those sections whichrepeat the material of [4] the proofs are
given concisely,

1, Let two points (the first and second players) with masses m,, m, be attractedto
a fixed center O by forces Fy,, = —®my ,ry,,, where ®? = const > 0, while ry 5
are the position radius vectors of the points relative to center (). Suppose that the play-
ers have available arbitrarily -directed control forces (thrusts) f; ., with the constraint
[ fo| << v = const > O for the second player, By a selection of scales we can obtain
®? = 1, v = m,. Suppose that after this the constraint on f, = m,u — the first play-
er's thrust ~ takes the form of the momentum constraint

b

p(1)=p0—8|u|dt>0 (1.1)

0

If force f, is finite, then in the variables
Ty =Tn—Ty Y =T —71y, [=—mp

the motion develops according to the equations

z = Yy, = —z +utv (1.2)
p,':p,l(l)'::_lu|’ p,>0, lul<1
In the region g = | 3 | > 0, using the notation

Jo =20/ 2, Yo = (N]a)s Ys1 = Y1 — Yala
Yo = | ¥sals Jo = Y1/ ¥s Jv L ja Jx L ja Y >0

in the moving system of unit vectors j,, jg, j, we obtain, as a consequence of Egs, (1.2),
z' = Ya, ya.=‘—$+ua+va+yﬂ2/x
Yo' =us +vp —Ya¥p/z, W=—lu|, p>0, ||
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For yg = (0 the unit vectors jg, jy are arbitrary in a plane normal to j,. In this case

e =V (up + vp)® -+ (U + Uy)?

Constraint (1, 1) admits of jumps in the position w (z, Yx, Yp» 1) to the values

Qa (1
wO (2,30 = ya + o 90 =V e+ 10 by, 0O =p—|w[>0]
where the "impulse" control U = 110 has been used, The vector y(1) is the result of
the impulse,
The definition of the admissible pairs u (w, v), v (w) and of the trajectories
w (w(t=0), {u(w v), v} & =w (.1

corresponding to them repeats the corresponding definitions in [4],
Let us consider two closed sets

Myle=0], Mylp—n/2—|y|=p—a/2—y=0]

in the position space W, Set M is the set of "hard" contact, while set }, plays an
auxiliary role, Denoting by % (w (-)) = T [u, v] the instants at which the positions
first hit onto set M, we call the pair u;°, v;° and the time T,° = T; [u;°, v,
optimal ones when the estimates

T]' [uj", U] < Tjo < Tj [u, Ujo]

are satisfied, The control v, ; and the region W, ; ¢ M; are called the control and
the evasion region if the inclusion uwfV) (.) & W, ; is preserved for all ¢ > 0 by any
pair u, U,j .

2, By analogy with (4] we consider the functions
g, p)=p—V yg + (p—ya)* —arctgp/z—n/2
ry (w) = maxyg (w, p<O)

where p, (w) <C O is the point where the maximum of 7, (w). isrealized, p, (w)
is the smallest zero of the function ¢ (w, p), existing and nonpositive in the region
G ["1 (w) >0l In the notation

Lw, p=VZ+7, Lw p)=Vy*+{p—y)*
we obtain, in the region w &£ My (J [y = O] , the equalities

’

9% = —(p —¥)/ L(w, p)— /L (w p)
9" = —y | Ij* (w, p) + 2pz/ 1,* (w, p)
The form of the second derivative and the equality lim ¢," = -1 as p - — o0

show that the function ¢ (w, p) can have the only possible stationary maximum in the
region p < 0 , which undoubtedly exists in the region w &= [z > 0, Y > 0,

gy’ (w, 0) <L 0]. The derivative ¢’ may have discontinuities when Y = 0, Omit-
ting the efementary details, we cite the result

@ =—Vi—at welyp=0, 0z <LV —2?+y.>0]
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L) =Ya, vElR=0N{z>1, LCINN0DCzLY
Vz—a% 4 y. <01}

All the regions mentioned satisfy the condition ¢p’ (w, p—~> + 0) < 0. we de-
note their union by D;. In the remaining part D, = W \ (M; (J D,) of the space
the function g (w, p) grows monotonically for p <~ 0 and p; (w) = 0.

Acting by the scheme in [4], we can prove the validity of the following statements,

2,1, The functions r; (w e M,), p, (wWeE M), py(we C,lr; > 0]) are
continuous,

2.2, If T is the first instant of realization of the equality lim Z (f—1 -+ 0)=0,
then lim ry (w (+, t— 1)) > 0.
2,3, Any impulse control from the family

u(w, p, m)=md [(p— Ya) ja — Yajel / Ly (w, p)
0< m< min (1, p/l(w, p)
preserves the value of ¢ (w, p), i.e,
Ag =g @, p)—gqw p)=0

while any impulse control not occurring in this family realizes the bound Ag <~ Q.
2.4, In the region w & (), the family of impulse controls

mu,® (W) = md [(py — Ya) ju — ypjpl / s (wy po)y O<m<t

realizes the equality Ap, = p, (W) — p, (w) = 0, while any control & = p 8
not occurring in this family either strictly increases the root p, (Ap, > 0) or trans-
lates the position into the region WV & Cy = W \ (C, |J M,).

The derivative T',° of the function (for finite u)

T, (w) = arctg p,/ x + a/2

has the form
I = (3 (w, p) L3[Ry + R+ Ry), we N lZ, > 0]
By = a1 I, — pl,
Ry =zly"* (lu | iy — ayua + ypup), R; = zl,7 [—ayv, +ypvs)
Ty = —|u |+ s+ vd) + {(1 — ) [(us + vg)? + (uy + vy)?]}¥
we C =0l s=u=z/(*+ y.®
I, = Vx2 +p? =1L W p), 4 = p— Ya
These formulas show [4] that the pair
w’, v’ =—u’llu’l, we [, > 0l
W = —v, v°=sjs+ VI—sjp we =0
realizes the estimates

Ty (w, uly v) < Ty w, u’, v, < Ty (w, u, v, (2.1)

The first estimate is verified elementarily, Let us demonstrate the validity of the second
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one, In fact, according to statement 2,4,any impulse control u = 1,9, preserving
the inclusion w'" & C; and not equal to mw®, strictly increases p» and, consequently,
Ty. 1t is not difficulat to verify that the control mu:® preserves the first summand
ah?/ Il of sum R, and converts the second summand to the quantity — p2 (w) {1 — m)x
le (wy p2).1f p2 (w) << 0, the control u° realizes the minimum of sum R,. If pz (w) = 0,
it can be shown that for any u == w® the estimate — p2lo > 0 is realized at the next
instant,

To discuss what is possible to the first player on the boundary r; == ( of region (;
we consider the derivative r;" of the function r, (w)

reo= 4 pyls (w, py) + Py + Py, we Dy () [y (w, py) > U]

Py = —lu |+ Upy — ys) s — Yatisl 1 L, (w, py)

Py = + [(py — ¥ys) va — yavgl / L, (w, py)

=l = u ] = s (U ove) — {(1— %) [up + vg)? + (uy + v,)2])%
we Dy [, (w, p,) = 0]

If the second player's control in the region [); (| C, is specified by the formulas

vy = —lpy — ¥a) ju — yavpl / Ly (w, py)
we Dy ) L (w, py) > 0]
Uy == 8jg 1 V1 — 32,7(3, we Dy () 1 (w, py) = 0}

and in the region D, [ (, it is continued uninterruptedly so that it passes continuously
into the control v,, v;° on the common boundary of the regions (D, | ;) and
(Dy N Cy), as well as on the boundary of the regions (D, (| C;) and (D, [) (Y,
then the control v* = v,®, w & Cy, V! = v;, w & C, is continuous for w & M,.

In addition, from the form of the derivative ;" and from statement 2, 3 it follows
that any errors of the first player on a part of the beundary D, [ lr; = 0] translate
the position into region C,. His errors on a part of the boundary D, [) [r, = 0] lead
to the same result, In fact, according to 2,3 any impulse control not parallel to the opti-
mal one lessens ¢ (w, 0) = r; (w). Any finite control u which converts the derivative
T, into a positive quantity also translates the position into region C,.

2.5, Inthe region w & C, the control v! in pair with any control & effects a con-
tact no earlier than the instant { = 5t / 2.

Proof, Letz(-,1) = 0; then we can find #; <{ T such that z (-, ¢t & [,
7)) < 1. From the equality gp'(w, V)= ( ¥,/ y )=( 1/ z ) follow the estimate ¢p' (v (-,
t &[4, 7)), 0) <C 0 and the inclusion (-, t = [¢,, 7)) € D,. By the construction of
control ' the function r (w) does not grow for w & Dy [ C2 . This means that w (-,
t€ (4, 1) € Dy N €. In fact, from the contrary premise w (-, t2 < [, 7)) € Dy [} Ca
and from the nonincrease of r, follows the estimate r {(w (-, t & [, ) < 1y (w (-,
t2)) << 0. This contradicts statement 2,2, From the inclusion w (-, ¢,) € D, () C; follows
the existence of ¢, ,namely, the first root of the equation r; (w (-, t3)) = 0, and the
function r, does not decrease along the trajectory when t == ¢; ,It is obvious that this
is possible only for

P ! pr(w (-, ) =10, ppw(, 1) =0

e, w(-, ty) &[T, (w)=n/2] = M, Q.E,D,
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The arguments presented above allow us to formulate a result,

Theorem 1, When w (0) & C; [r; > 0] the controls &,°, v,° realize the op-
timal time 7'° (w) = arc tg p, / = + n / 2.

Proof, Statement 2,1 establishes the continuity of function 7,° (w). Statement
2.4 shows that the first player cannot lessen the function 7',° (w) by an impulse, Esti-
mate (2, 1) establishes a saddle point for the derivative when w & C,, while statement
2. 5 together with the estimate T',° (w) < st / 2 shows that the first player cannot ies-
sen the time to contact by leaving region () .

Note, The control p, , = y? realizes an escape from set M, in the region
CoNlp—mn/2 < 0}. In fact, the difference p — ;/ 2 does not increase ; there-
fore, the equation ¢ (w (-, #), p) = (O cannot have at zero the value p = () along
any admissible trajectory comesponding to the pair u, v'.

3, Inregion (', the problem of constructing the minimax time becomes the prob-
lem of constructing the minimax time for the position to hit onto the set M, [q (w,
0) == p — s/ 2 — y = 0] in the presence of the phase constraint w(-, t) & C, (a
constraint on the second player's actions), Let us reject the phase constraint for the pre-
sent, Intuitively we feel also that the minimax is achieved for u = 0. Therefore, in the
set C3lp — st/ 2— y < 0] we seek the "slow-action™ of T, onset /, and the
control v, corresponding to it,

Within the framework of the "auxiliary” problem we form in the fixed system (2, ¥;)
two three-dimensional vectors g, = 9T,/ dx, and g, = 0T,/ 0y, and,after the
operation max,, obtain the "fundamental equation” [1]

(gxy1) — (8yx) + gy | +1 =0
with the "termination conditions” [1]

g =0, g®@ =%y /y, >0 weM,=M, Iy >0,
—y + zy, > 0]

The termination conditions show that the equalities

ve=yly T.<<nl2,

v=—yly, a>T,>nl2
are valid along the "characteristics”" ¢£," = g4, g, = —g«.l.e, control p, pre-
serves along the characteristics a constant value of ¥, / y equal to its value on set
M for T, < m/ 2, and changes this value to a contrary one for 7, > x / 2. 1Itis
clear that the optimal trajectories of the auxiliary problem remain in the plane contain-
ing the vectors I,, Y.

We choose a fixed system of axes coinciding with the moving trihedron j,, js, jy,

typicat for some position w = C,, and we denote the components along these fixed

axes by subscripts i, Y1, 4, V2,1 (¢ = 1, 2,3), The discussions preceding show that
Us, 3 = 0. To determine T, <{ n/ 2, v, we use the functions

nhyeE M,

Y1 = — (. — vy, 1) @ + Yab, Y1, 2 = Uy, 20 + Yab (3.1)
a=sint, b=-cost

The condition v, = y; (Ty) / |y (T3) | allowsustoseek Ty < 7/ 2 as the smal-
lest positive root of the equation
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E(w, t) = u—a/2 —a—A(w, t) =0

A (w, 1) = [(—xa + ygb)* -+ ya2b2]"
To determine 7', >> m / 2 the same reasonings allow us to obtain the equation
Aw, t) =0
4, Let us establish a number of important properties of the function
E(w,t =[0,7/2])
st = (1/2,1) = Ew, t — 1) — 2

n(w. ) =p—7/2—2+a

C(w9t):

4,1, The function § (w, t &= [—m, m]) has no more than two isolated maxima
with respect to variable ¢,

Proof. For , < {[{o= 0] J {y, = 01 U ly; = 0] statement 4,1 can be verified
by calculation, At the remaining positions the function 4 (w, t & [—ux, n]) does not
have zeros and the points !, = Fa/2 are not stationary points for the functiont (w,t).
We introduce the notation

At/ ot =8 (w, t= +n/2)= —b— bIm AT
my = my (w, 8)=m(w, z=tg8 = (—az+ g,) (—& — y,2) + ¥’z

ny (w, 1) =nm (o, z} = (—az-+ y,)? + yg? — me? (w, 2)

A stationary point of function £ is a zero of the function n;. On the other hand, a zero
tiel—n/2 n/2] of function n, is a zero of the function &’ for m, < 0, or (for (my >
0) either the point t; -+ 5 <« or the point ¢; — n > —x is a zero of function &’
From the periodicity conditions and from the equalities £ (w, —x) = § (w, 0) = § (w, m)
it follows that the function &’ has an even number of zeros,i,e, k& > 2, while the func-
tion n» — a polynomial in z of degree no higher than the fourth — has no more than
four zeros on the interval ¢ & (—=xn/ 2, n/ 2). This means that % = 2, 4.

4,2, The function & (w, ) admits of no more than one maximum on the interval
U, m).

The case when § (w, #) has a maximum at ¢ = 0, is investigated simply, It is not
difficult also to show that the maxima and minima are isolated at the remaining posi-
tions, An accumulation of all the isolated points on the interval [0, n] is impossible
because of the equality § (w, —mn) = § (w, U). It reamins to consider the possibility that
two maxima %°, %°, separated by a minimum {,,, lie on the interval [0, ni], while the
minimum t ¢ & (—x, 0), Since there are no other isolated points, the function & (w, 1)
increases for t & [0, #°]. A contradiction follows from the estimate

E(w, ) > Ew, O)>E(w, ° — ) =§(w, &)+ 2a(t)

The function { (w, ?) is defined for ¢t = [0, m]. We say that § (w, ¢) hasa"ma-
ximum at ¢ = Q" if the function § (w, ¢ & [—mn, m]) has such a maximum at
t = 0, We note that the function § has unisolated maxima at the sole position w [z =
1, y = 0] . They are isolated at the remaining positions, In accordance to what has
been presented, the function { (w, ¢ [0, n]) admits of no more than two maximum
points T, <~ 1, & [0, 7) with the values {; and {, of the function §, By (', we de-
note the region where even one of the maxima exists, and we set {; = {, when it is
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unique and {3 = max (&, Cz] when there are two maxima,

4,3, The equality §, = {, and the bound L, > &, if a second maximum exists,
are valid in the region Cy [} [{3 > L (w, 0) = §,] -

Proof, Let {;= §(w, T3 [0, 5/ 2]),then 7, is a maximum point of function §.
Statement 4, 3 is verified simply when w & [x = 1, y = (0], At the remaining positions
T3 is an isolated point, In addition, according to 4, 2, the estimate

L>Ew, tel0, a), tF1)>Lw te(@/2, a) =§E(w, t&(n/2,n) ~2+ 2
is valid, Let 13 & (n/ 2, n). From the estimate

Ew, te@/2, ) >L(w, ) =E(w, t) — 2+ 2a
it follows that function ¢ has a maximum for t & (n/ 2, n1) and, therefore, function 7

has only one maximum {; = s

5. Let us consider the region C, [{=p—n/2 — y < 0] , namely, the closure
of region C,, For we A; [C,() [{; > O]} there exists a first nonnegative zero
Z; of function . Inthe region A," [4, [ [Ay= A4 (w, #) > 0]] the necessary
conditions in section 5 lead to the control

v, = Aghy [(—zay + yaby) ja + ysbijsl (5.1)
o b ; b { 1, th[O,n/Z]
ay = Sihig, by == COSly, T = —1, ttE(n/z,n)

A simple investigation shows that #; can be the first zero of function { and that the func-
tion A (w, t) vanishes only when § (w, %) = {,. Furthermore, the estimate s (w) =
z/(2* + y«*)<{1is valid at these positions, However, in the region A, [.1, (] [{;=
Ay = 0]] the necessary conditions do not yield a univalent control v, but yield only

inequalities, Any control | v | = 1, satisfying these inequalities, is acceptable by the
necessary conditions, For example, we can set
vy = hesja -+ V1 — g (5. 2)

In the region A, [Cy [1-[8, << 0, &; > E,l] we continue the control by formulas
(5.1),(5,2), by setting # = T;. As we shall see from what follows, there are sufficient
grounds for such a choice, In the region 43 [C; \ (4, ] 4,)] we seek to increase y
and, therefore, we set '

Uy = (ylja —+ yﬁjﬁ) / Yy, we Aa ﬂ [y > 0] (5. 3)

v, =x/ 2, we=A;Nly=0, z>0]

va=oconst, |v,| =1, weE= A, ly=z=0]

We introduce into consideration the trajectories w, generated by the pair u, = 0,

v, and denote by C;(z) the derivative of the function {, = { (w, 0) along trajecto-
ries w,. We introduce also the set

M2 =0T w, 0= —1+ay/y<0, y>0lIly= o0l

which is the "reverse side" of set M, i,e, that part of it which the second player can
always evade for u = u, = (. We note that a trajectory w, can realize a "slow-action
onto M, from region C, if it does not intersect set M, until the set M, \ M, = M.

1]
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has been hit, Unfortunately, not all trajectories w, possess this property and among them
there exist those which from the region C; fall inside the region (5 [, <~ 0] through
the boundary of Af,, and again go into region (' arriving at M, by the instant { -=
Z; (1w (0)). From the subsequent analysis it becomes clear in what sense we can proceed
to talk about the trajectories w, in region (', wherein v, is not defined,

Lemma, Trajectories w, can intersect set M4 from the side of region C, only on
the set

M WM, N <y<2 gyl 0, § >0, 8 >m/2]]

Proof, Let we Ms([M;NI15,>0, 0<t: < n/2]]. From the equation § (w, 0) =
¢ (w, t.) we find that f; is the first zero of the function M (w, t)=y — a — 4, From
the equation (y — a)* — A% = 0 it follows that #. is a zero of the function

A (w, )= (y2— &+ 1) e+ 2zy.b — 2y
It is not difficult to show that ¢ is its first zero, From the estimate 0 < t, << n/2 fol-

lows the estimate —1 + xy, / y = &," (v, 0) < 0. This means that ?; satisfies the esti-

mate A (w, te) = (¥* — % -k Day, — 2zyab: >0

We now note that by the construction of control vz not one of the trajectories w. can
make the function A, vanish more than once, and for 4, = 0—w2 & C3. We can easily
convince ourselves by looking over the possibilities, From the estimate A, > (0 andthe
equation 4, = y — a, follows the equality

Logy = (@4 — b)) iy ly — ay)
It is not difficult to verify that the estimate [;, > 0 is consistent with the estimate
A (w, t;) >0 and with the equality ), = 0 only on the set
Mo (Mo [ lag = (> — - 1) [y, by = 2y, / yll
For w < M, the trajectory w: lies wholly in M, while » “arrives” at Jf, from the
region C, [0« 0]. We shall talk about the trajectories w» in region (¢, in the sense
of a continuation into the "past” by a time t-= —n of the trajectories of set M; with

a switching of control vz to the opposite one at v = —x/ 2.
On the set M« [ M, (1 [{; > 0, & > nu/ 2]] we have the equalities and estimates

M=y—2+ 4 — A4, =0
M= (agd) T (G (1 — by — sy,ag — aghy (v — 2))
Loy = (by® + 2y, (v — 2)) (B (y — 2+ ap))™?
Ty >n/2= tlw, a/2y<0=sac>y—1
Assuming to the contrary that ;(;_(2) > 0, we obtain the estimate
M<hs=y—2+ag—[(y— D2a2 +y?b2 4 2ab2y )y —2]'*

In the region M; [} [y > 2] we can easily verify the estimate A; <C 0. The contradiction
with the equation A, = 0 leads to the estimate

Lo (wE M1y =2 <O

In the region M () [{, = 0} the equality A," = 0 implies, as a consequence,the relation
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g(;(g) weMOLG=00)=4{y— 1)5§Anfl ay <0

In the region Ms [ [y < 1] the function A, has no zeros,

At the remaining positions of the set M, M, it is clear by the construction of »:
that §y, < 0. An exception is the set M, [} [z =1, y = 0], i.e, the "fixed points”
which the trajectories w2 cannot hit from the side of region 3. We note that in the
proof we used the equation Lo = { (w, t,) and did not use the equation [, = 0. This
means that the trajectory w: & A» can once again pass into 4 from the boundary
[Zo= £, <0, t > Y] of regions 42 and 4, only for & = 0. Sliding states are impos-
sible on this boundary whereon v is discontinuous,

Let us fix y onset M, and increase  from the value z, = y — 1. The function
Loy will change from the value ($om)1= @1¥a (2 — y) > 0. With the change in z
the function [, (the maximum) necessarily changes sign at x == z,. According to the
lemma the estimate &;(2) < 0 isvalid for z = x,. This means that the equation
Lo (T3, Yau y) = 0. is valid for some Ty = 23 (Usr ¥) »

For = Z3 it is not difficult to determine the equality and the estimate

8@3(2) [0z = {' (w, t)™c(w)
c(w) =4y —1) 4g — ¥ (Pay / 2 — y) + ya) <O

which establish the uniqueness and continuity of the curve z = x; (y,, y) separating
the regions N, [M, () [Gse) < 01} and Ny (M, ) [ Loy > 011 for any value 1~y <2,
In region IV, we form a new control U, and instead of a realization by formula (5,1) we
set . R

Uy (weNl):vz.oc]a"i"Vi““vz,cz]B (5.4)
Una = aYa | Y + (@42 Yt — yt (1 + 2 [y 4 O

This control maximizes the derivative £, (w, u,, v) on the set of controls v preserv-
ing (Lo (w, uy, v) = 0) the value {,. In the region (', also we form the control
vy {w) by the formulas

vs(wy=v, W), velNhw<L="F (5. 5)

At those positions where kri (w) > {,, or where {; does not exist, we set
vy (W) = v, (W), weC\F=F (5.6)

8, The control v, realizes the time 7', (w) = # (w) for all trajectories w,arriv-
ing at My from region (', and by-passing set V;. Trajectories w,, hitting onto NV,
arrive at M, by the instant T (w) = ¢, (W) + &, (w) + =« / 2. Here ¢; {w) is the
time of motion up to set Ny, £, {w) is the time of sliding on set /V, from which the
trajectory leaves for ¥y — 1 — z = 0, y, < 0, i.e, at the instant the equality
¢ (w) = m/ 2. isrealized, We can show that the trajectory does not intersect the
curve £ = .

The region occupied by trajectories of the first type is denoted by W,° (max) ; tra-
jectories of the second type occupy the region W,’ (sup). The rest of the trajectories
w, starting in (', occupy the region W ,.

Theorem 6,1, Theequality 7,° [u,° = 0, v’ = ) = T,° =T, (w)
realizes in region W,” (max) , Inregion W,° (sup) there exists a sequence of controls
Uq,; such that
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Tylu, vo5l < Tyl =0, vyl > Ty (w)  as vy; — vy

In the region W, , the control v, = Ug,, causes the trajectory to evade set M, .
We present a short plan of proof for Theorem 6,1, The estimate

T2. [wv u‘.zv U]< T;(2)<T2' [w7 u;&O, vz]

is valid in the regions W,° (max) and W5° (sup) . The proof of this estimate (for
finite controls u) can be carried out in the region W,° (max) () [{; >> 0] by the im-
plicit function theorem, In the region W,° (max) () [§; = Ol the second player's
errors lessen 7'y (w) with an "infinitely great" rate, while the first player's errors trans-
late the position into region W,,,.

The proof in the region W,° (sup) is complicated ; however, it can be carried out
even so, It is clear that in the region W,® (sup) the second player can pass to con-
trol (5,4) when y = — ;1 /2 — ¢ (where & is a small quantity) and can obtain a
time as close as desired to 1’ (W), while the first player cannot lessen even this non-
optimal time, The first player's impulse actions also can only increase the time 7', or
translate the position into region W, ,. Inregion W,, the control v, is constructed
so that the function 7, () == max { (w, t < 10, m)) cannot be increased along

trajectory w, and has a negative initial
b value, In fact, in the lemma it was
shown that [ does not increase when
{o = (, or at the positions where {,
is a unique maximum point, On the
other hand, when {, = {, (or when
Go < &) the maximum {, is pre-
served, since the equality Z;(z) =0
is easily verified, The first player can-
Fig, 1 not increase the function r, (w) by a
finite control or by an impulse and the
position remains in region W, , the whole time, These arguments together with the
continuity of the function #; (which follows from 4, 3) and of function 7', (w) yield a
sufficient basis for the proof of Theorem 6.1,

We now return to the original problem and to the curves &’ generated by the pair
ug = 0, v = vg = Vy. Their study introduces the important question of the sign of
the derivative Ty of the function r, (w) along the curves w, on the set Cg [ry, =
€ (w, ty)]. This question is difficult because the functions ry and #; are not specified
explicitly, We have succeeded in proving the estimate ry; <7 (0 in the region

The notation by =3 / 2 4 & was used because control vy is discontinuous for £y =
5 / 2, but the estimate ryg) < 0 was established for both limits of vz (w). If the esti-
mate ryg < 0 is valid for w & (g, then it can be shown that the equalities

T,(wes A, NCy) =tg+al2, Wo= (A, As) [ Cs

Ug = l)o,]_

are valid, However, if the estimate 7y <( 0 is violated, then additional investigation
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is required, In this case the pair u;, = 0, V1,0 = Vg is optimal only in some region
which can be constructed by continuing the trajectories w; into the past (coinciding in
this case with trajectories w,) up to intersection with the surface 7, (w) = 0.

Figure 1 shows a typical trajectory w; . At the start the position is moved along an
ellipse with center at point ¢ and the control vs has a constant direction up to the swit-
ching point p. After the switching at point p motion takes place along an ellipse with
center at point 5. The lengths of the segments (a, 0), (0, b)) equal unity, At the point
pr(p —n/2—y=0), lying on set M, the first player tumns off the velocity by im-
pulse and the position is moved to "hard" contact during a time /2 ,

We fix a certain small number &, > ( and among the trajectories w, we isolate a
family W1 by the following test, Along any trajectory w,., of the family indi-
cated, from the estimate p, (lbg’g,l) < 0 follows the estimate T (Wye,1) <X —E€p,
while from the estimate r, (ws,1) > —¢€, follows the equality p; (w,.,) = 0. Sup-
pose that the wrajectories w, ., oOCCupy a region We,.1. We state the final result,

Theorem 6,2, The controls u,° = us =0 and v1° = v, realize, in the re-
gion W, (| W,® (max) the time T, = #; + 7/ 2 and the second player cannot in-
crease this time, This time cannot be lessened by the first player by any pair u, v,
preserving the inclusion w = W,,; [} W,° (max). If the inclusion indicated is not vio-
lated until M, is hit, then the motion passes into region (', through the boundary
T,=a/2 (tg=0).
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We examine differential games of encounter in which the minimizing player
observes the game's position on a subset Q of the motion interval {#°, T]. The
subset Q is formed by the second player during the motion, i.e. he switches on
a noise eliminating observation, We pose the problem of optimal noise distribu-
tion and solve four examples, A general setting of similar problems was given
in [1]. Related problems were examined, for example, in [2, 3].



